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Q1) a) Let M be a compact k-manifold in Rn and h : Rn→Rn be an isometry.

If N = h(M), then show that M and N have the same volume. [8]
b) Give an example of a 1-manifold in R2 which cannot be covered by a

single coordinate patch. [4]
c) Let f and g be tensors on R4 given by f(X, Y, Z) = 3x

2
y

1
z

1
-x

1
y

3
z

2
,

g= 1,3φ -5 1,2φ . Express f ⊗  g as a linear combination of elementary

5-tensors. [4]

Q2) a) If V is a vector space of dimension n, find the dimension of Ak(V), the

space of alternating k - tensors on V. Justify. [7]

b) Define orientation of a manifold M and induced orientation on ∂ M.[5]
c) Show that the n-ball Bn(a) is an n-manifold in Rn. [4]

Q3) a) Let U be an open set in Rn and f : U→Rn be of class Cr. Let

M= {x : f(x)=0 and N = {x : f(x) ≥  0. If M is nonempty and D f(x) has

rank one at each point of M, then prove that N is an n-manifold in Rn

and ∂ N=M. [7]
b) Define the term alternating tensor and give an example. [5]
c) Find length of the parametrized curve [4]

α (t) = ( acost, asint), 0 < t < 3π .
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Q4) a) With usual notation, prove that for any forms [6]

0)...(,....., 2121 =∧∧∧ nk dddd ωωωωωω
b) Define the term closed form and give an example. [5]
c) In R3, let ω  = xydx+2zdy-ydz. If α (u,v) = (uv, u2, 3u+v) then find

∗α ω [5]

Q5) a) Let M be a k-manifold in Rn and p ∈ M. Define tangent space to M at

p and show that the definition is independent of the choice of the

coordinate patch at p. [8]
b) If ω =xdx+2ydy+zdz and η = coszdx+ydy+sinxdz, then verify the

identity d(ω ∧η ) = ( ωd )∧η -ω ∧ ηd . [8]

Q6) a) It T : V→W is a linear transformation, and if f and g are alternating

tensors on W, then prove that T* (f ∧  g) = T* f∧  T* g [6]
b) With usual notation, prove that if G is a symmetric tensor, then AG=0[5]
c) Let : R3→  R6 be given by (x, y, z) = (x2, yz, xz, y2, xy, z2). Find

d 1α ∧d 3α ∧d 5α . [5]

Q7) a) State stokes’ theorem. [4]
b) Is the 2-sphere S2 an orientable 2-manifold? Justify. [4]
c) Let A = (0, 1)2. Let α  : A→  R3 be given by the equation. [8]

α (u, v) = (u, v, u + v)

Let Y be the image set of α

Evaluate ∫ ∧+∧
αY

dxdxxxdxdxx .2132311

Q8) a) Give an example of a 1-manifold in R3. [4]
b) Define an exact form and give an example. [6]

c) Give an example of a ∞C  map α : R2→R3 such that 1−α  is continuous

but αD  does not have rank 2 at zero. [6]
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